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Abstract. The classical multivariate extreme value theory tries to capture the extremal dependence be- 
tween the components under a multivariate domain of attraction condition and it requires each of the 
components to be in the domain of attraction of a univariate extreme value distribution as well. The mul- 
tivariate extreme value (MEV) model has a rich theory but has some limitations as it fails to capture the 
dependence structure in pr esence of asymptotic independence. A different approach to MEV was given by 
iHeffernan and Tawnl j2004f) . where they examined MEV distributions by conditioning on one of the compo- 
nents to be extreme. Here we assume one of the components to be in Frechet or Weibull domain of attraction 
and study the behavior of the product of the components under this conditional extreme value model. 
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1. Introduction 

The classical multivariate extreme value theory tries to capture the extremal dependence between the 
components under a multivariate domain of attraction condition and it requires each of the components 
to be in domain of attraction of a univariate extreme value distribution. The multivariate extreme value 
theory has a rich theory but has some limitations as it fails to capture the dependence structure. The 
concept of tail dependence i s an alterna tive way of detecting this dep endence. The concept was f irst pro- 
posed bv lLedford and Tawnl ( 19961 1997 ) and then elaborated upon bv lMaulik and Resnickl ( 20041 ) . Resnickl 
(2002 1). A different appro ach towards modeling multivariate extreme value distributions was given by 
Heffernan and Tawn (120041) by conditioning on one of the component s to be extreme. Further properties o f 
this conditional model were subsequently studied bv lDas and Resnickl ( 201 ll ). IHeffernan and Resnick (2007). 

An important dependence structure in multivariate extreme value theory is that of asymptotic indepen- 
dence. The joint distribution of two random variable is asymptotically independent if the the nondegenerate 
limit of suitably centered and scaled coordinate wise partial maximums is a product measure. One of the 
limitations of the asymptotic independence model is that it is too large a class to conclude anything in- 
teresting, for example, about pr oduct of two random variables. In another approach, a smaller class was 
considered bv lMaulik et al. ( 20021 ). They assumed that (X,Y) satisfy the following vague convergence: 

Y— 

\a(t) 

where M+((0, oo] x [0, oo]) denotes the space of nonnegative Radon measures on (0, oo] x [0, oo] and v (x, oo] = 
x~~ a , for some a > and if is a probability distribution supported on (0,oo). The tail behavior of the 



tP 



Ye 



(v x #)(•) on M+((0,oo] x [0,oo]), 



(1.1) 



produ ct XY under the assumption (|1.1[) and some further moment conditions was obtained bv lMaulik et al 
(|2002l ). The conditional model can be viewed as an extension of the above model. Under the conditional 



model, the limit of the vague convergence need not be a product measure and it happens in the space 

/ _ M\ —(7) 

M + I [—00,00] x E J with 7 £ R, where E is the right closure of the set {x € K : 1 + 72; > 0}. (See 

Section [2] for details.) In this article we mainly focus on the product behavior when the limiting measure in 
the conditional model is not of the product form. 

Products of random variables and their domain of attraction are important theoretical issues which have 
a lot of applications ranging from Internet traffic to insurance models. We study the product of two random 
variables whose joint distribution satisfies the conditional extreme value model. In particular we try to see 
the role of regular variation in determining the behavior of the product. When 7 > 0, then it is easy to 
describe the behavior of the product under certain conditions. However, when 7 < 0, some complications 
arise due to the presence of finite upper end point. We remark that in this article we do not deal with 



2000 Mathematics Subject Classification. Primary60G70; Secondary62G32 . 

Key words and phrases. Regular variation, domain of attraction, generalized extreme value distribution, heavy tails, asymp- 
totic independence, conditional extreme value model, product of random variables. 



1 



2 



R. S. HAZRA AND K. MAULIK 



the other important case of 7 = 0. Like in the case of Gumbel domain of attraction for maximum of i.i.d. 
observations, the case 7 = will require more careful and detailed analysis. 

In Section [2] we briefly describe the conditional extreme value model and state some properties and 
nomenclature which we use throughout this article. In Section [3] we provide an overview of our results 
presented in the later sections. In Section |4] we reduce the conditional extreme value model defined in 
Section [2] to simpler forms in special cases. In Section [5] we describe the behavior of the product of random 
variables following conditional model under some appropriate conditions. In Section|5]we make some remarks 
on the assumptions used in the results. In the final Section [7] we present an example of a conditional model 
and also look at the product behavior. 



2. Conditional extreme value model 
In this section, we provide the notations used in this article and the basic model. 

If S is a topological space with S being its a- field, then for non- negative Radon measures fit, for t > 0, 
and fi on (S, S), we say /i t converges vaguely to fi and denote it by fit —> fi, if for all relatively compact sets 
C, which are also /^-continuity sets of fi, that is, fi{dC) = 0, we have fit{C) — > fi(C), as t — > 00. By M + (S) 
we shall mean the space of all Radon measures on S endowed with the topology of vague convergence. 

Definition 2.1. A measurable function / : M + — » M + is called regularly varying at infinity with index a, 
(we write / £ RV a ), if for all t > 0, 

If a = 0, / is called slowly varying. 

Definition 2.2. We say that a random variable X, with distribution function F, has a regularly varying 
tail of index —a, a > 0, if the tail of its distribution function F(-) := ~P[X > •] £ RV- a . 

Definition 12.21 is equivalent to the existence of a positive function a £ RVx/ a such that tP[X/a(t) £ ■] 
has a vague limit in M + ((0, 00]), where the limit is a nondegenerate Radon measure. The limiting measure 
necessarily takes values cx~ a on set (x, 00]. 

Let E^ be the interval {x £ R : 1 + 7X > 0} and E*" 7 ' be its right closure in the extended real line 
[—00,00]. Thus, we have 

f (-1/7,00), if T > 0, _ ( (-1/7, 00], if 7 >0, 

E^ 7) = < (-00, 00), if 7 = 0, and E 7 =< (-00,00], if 7 = 0, 
[(-00,-1/7), if 7 < 0, [(-00,-1/7], if 7 < 0. 

For any 7 £ K, the generalized extreme value distribution is denoted by G 7 . It is supported on E^ and 
is be given by, for x £ 



GJx) 



exp ^-(1 + yx) "i j , for 7 7^ 0, 
^exp (— e~ x ) , for 7 = 0. 



Definition 2.3. We say that a random variable Y with distribution function F is in the domain of attraction 
of an extreme value distribution G 7 for some 7 £ M (written as Z?(G 7 )) if there exists a positive valued 
function a and a real valued function b such that as t — > 00, on E^ 7 \ 

tV[Y>a{t)y + b(t)]=tF{a(t)y + b(t))^\ [l + ly) ^ ^ 7 ^ °' (2.1) 

I e y , for 7 = 0. 

When 7 7^ 0, the domain of attraction condition is related to regular variation in the following way. 
If 7 > 0, then F £ D{G 1 ) if and only if F £ RV_i/ 7 . 

If 7 < 0, then as t -> 00, b(t) -> 6(00) < 00 and F £ D(G 7 ) if and only if F(6(oo) -!/■)£ RVi/ 7 . Note 
that in this case fc(oo) becomes the upper end point of the distribution function F . 

Definition 2.4 (Conditional extreme value model). The real valued random vector (X,Y) satisfies condi- 
tional extreme value model (CEVM) if 
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(1) The marginal distribution of Y is in the domain of attraction of an extreme value distribution G 7 , 
that is, there exists a positive valued function a and a real valued function b such that (|2.1[) holds 
on E(t). 

(2) There exists a positive valued function a and a real valued function /3 and a non-null Radon measure 
H on Borel subsets of (— oo, oo) x E^ 7 - 1 such that 



(2A)tP[(^,^) 



£ 



_( 7 ) 

fi(-) on [—00,00] x E , as t 



00, and 

(2B) for each y £ E*- 7 - 1 , 00, x] x (y,oo)) is a nondegenerate distribution function in x. 
(3) The function -ff(a;) = p{{— 00, x] x (0, 00)) is a probability distribution. 

If (X,Y) satisfy Conditions (HI)-©, then we say (X,Y) £ CEVM(a, j3; a,b; p) in [-00,00] x E (7) . 
Note that if is a nondegenerate probability distribution function by Condition (|2B[) . Also, Condition ([2 
is equivalent to the convergence 

tP[X < a(t)x + P(t),Y > a(t)y + b(t)] /j,((-oc,x] x (y,oo)) 

for all y £ and continuity points (x,y) of the measure p. Note that, for (X, Y) £ CEVM(a, /?; a,b; p) 
— (7) 

in [—00, 00] x E we have, as t — > 00, 



«(*) 



< a; 



y > b(t) 



H(x), 



which motivates the name of the model. 

Occasionally, we shall also be interested in pairs of random variables (X, Y) which satisfy Conditions 
and (|2Bj) . without any reference to Conditions[T]and[3] We shall then say that (X, Y) satisfies Conditions (|2 A|) 
and (12B|) with parameters (a, /3; a, b; /1) on i?, where a and /3 will denote the scaling and centering of X , a 
and b will denote the scale and centering of Y and /i will denote the nondegenerate limiting distribution and 

-E is the space on which the converg ence takes place. In Def i nition 12.41 we have E — [—00, 00] x E 

It was shown in Proposition 1 of iHeffernan and Resnickl (|2007l ) that there exists functions •i/ji (•) , 
such that, 

p{tx) - P{t) 



v a ( to ) / ( \ 
hm — -— = Wi(x) 



and 



lim 

t— ^00 



^2(2:) 



and the above convergence holds uniformly on compact subsets of (0,oo). Then, necessarily , we must have, 
for some pgl, ipi(x) — x p ,x > 0. Also from Theorem B.2.1 of Ide Haan and Ferreiral (|2006r ) it follows that 
either ^2 is or, for some k £ M. and x > 0, 

Mx)= a {xP -l), whenp^O, 
I /clog x, when p = 0. 

Note that, we have a g i?lp. 

Definition 2.5. The pair of nonnegative random variables (^1,^2) is said to be standard multivariate 
regularly varying on [0,oo] x (0,oo] if, as t — > 00 

Z\ Z2 



tP 



t ' t 



e 



A !/(■) in M+([0,oo] x (0,oo]). 



In such cases we have (Zi,/^) € CEVM(t, 0; t, 0; v) in [0, 00] x (0, 00]. The above convergence implies 
that v(-) is homogeneous of order —1, that is, 

v(cX) = c~V(A) for all c> 

where A is a Borel subset of [0,oo] x (0,oo]. By homogeneity arguments it follows that for r > 0, 



v{{x, y) £ [0, 00] x (0, 00] : x + y > r, 



x + y 



eA} 



r 1 v{(x, y) e [0, 00] x (0, 00] : x + y > 1, ■ 



-eA} 

=: r-^(A), 

where S is a measure on {(x,y) : x + y — 1, < x < 1}. The measure S is called the spectral mea- 
sure corresponding to v(-), while the measure v is called the standardized measure. It was shown in 
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Heffernan and Resnickl (|2007l ) that whenever (A, Y) e C£7M(a, /3; a, 6; /i) in 



-00,00 XI 



with (^ 1 (x),V'2(jc)) 7^ 



(1, 0), we have the standardization (f i(X), fa(Y)) g CEVM Ct, 0; i, 0; 1/) on the cone [0, 00] x (0, 00], for some 
monotone transformations fa and fa. I Das and Resnicld ( 201lh showed that this standardized measure v is not 
a product measure. Throughout this article we assume that (ipi(x) , ^{x)) ^ (1, 0) and consider the product 
of X and Y. We remark that although the model can be standardized in this case, the standardization docs 
not help one to conclude about the behavior of XY. 



3. A BRIEF OVERVIEW OF THE RESULTS 

In this section we give a brief description of the results. First note that if (X, Y) E CEVM(a, /3; a, b; p) 
—(1) 

on [—00,00] x E , then a € RV P and a € RV 1 , where a and a were the scalings for X and Y respectively. 
While Y £ D(G 7 ) necessarily holds, it need not a priori follow that X £ D(G P ). We classify the problem 
according to the parameters 7 and p. We break the problem into four cases depending on whether the 
parameters 7 and p are positive or negative. In Section 0] we show that, depending on the properties of 
the scaling and centering parameters, we can first reduce the basic convergence in conditional model to an 
equivalent convergence with the limiting measure satisfying nondegeneracy condition in an appropriate cone. 
The reduction of the basic convergence helps us to compute the convergence of the product with ease in 
Section 

Case I: p and 7 positive: This is an easier case and the behavior is quiet similar to the classical 
multivariate extreme theory. In Theorem 15. 1[ we show that under appropriate tail condition on X, the 
product XY has regularly varying tail of index — l/(p + 7). It is not assumed that X e D(G P ), but in 
Section [6] we show that the tail condition is satisfied when X E D(G P ). It may happen that X is in some 
other domain of attraction but still the tail condition holds. We also present a situation where the tail 
condition may fail. 

In all the remaining cases, at least one of the indices p and 7 will be negative. A negative value for 7 will 
require that the upper endpoint of Y is indeed 6(00). However, as has been noted below, the same need not 
be true for p, X and /3(oo). Yet, we shall assume that whenever p < 0, the upper endpoint of the support 
of X is /3(oo). Further, we shall assume at least one of the factors X and Y to be nonnegative. If both the 
factors take negative values, then, the product of the negative numbers being positive, their left tails will 
contribute to the right tail of the product as well. In fact, it will become important in that case to compare 
the relative heaviness of the two contributions. This can be easily done by breaking each random variable 
into its negative and positive parts. For the product of two negative parts, the relevant model should be 
built on (—A, —Y) and the analysis becomes same after that. While these details increase the bookkeeping, 
they do not provide any new insight into the problem. So we shall refrain from considering the situations 
where both X and Y take negative values, except in Subcases 11(b) and 11(d) below, where both A and Y 
are nonpositive and we get some interesting result about the lower tail of the product XY easily. 

Case II: p and 7 negative: In Section [H we first reduce the basic convergence to an equivalent 
convergence where regular variation can play an important role. In this case both b(t) and f3(t) have finite 
limits 6(00) and /3(oo) respectively. Since Y g D(G 7 ), 6(00) is the right end point of Y. However, (3(oo) 
need not be the right end point of A in general, yet throughout we shall assume it to be so. In Section [H 
we reduce the conditional model (X,Y) 6 CEVM(a, (3; a,b; p) to (X,Y) which satisfies Conditions (|2Ap 
and (|2B[) with parameters (5, 0;a, 0; ^ ) on [0,oo] x (0,oo], where, 

X = T( \ and Y = - 1 (3.1) 

p(oo) — A 0(00) — Y 

and a and a are some appropriate scalings and v is a transformed measure. Regular variation at the right 
end point plays a crucial role during the determination the product behavior in this case. Depending on the 
right end point, we break the problem into few subcases which are interesting. 

Subcase 11(a): /3(oo) and 6(00) positive: If the right end points are positive, then, without loss of 
generality, we assume them to be 1. In Theorem [521 we show that if A and Y both have positive right end 
points, then (1 — XY)" 1 has regularly varying tail of index — l/|p|, under some further sufficient moment 
conditions. In Section we give an example where the moment condition fails, yet the product shows the 
tail behavior predicted by Theorem 15.21 
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Subcase 11(b): 8(00) and 6(00) zero: In Theorem 15.31 we show that if both right end points are zero, 
then the product convergence is a simple consequence of the result in Case I. In this case (XY)^ 1 has 
regularly varying tail of index — l/(|p| + I7I). 

Subcase 11(c): 8(00) zero and 6(00) positive: We show in Theorem 15.41 that if Y is a nonnegative 
random variable having positive right end point, then under some appropriate moment conditions — (XY)^ 1 
has regularly varying tail of index — l/\p\. 

Subcase 11(d): (3(oo) and 6(00) negative: When both the right end points are negative, then, without 
loss of generality, we assume them to be —1. In Theorem [531 we show that {XY — has regularly varying 
tail of index — 

There are a few more cases beyond the four subcases considered above, when both p and 7 are negative. 
For example, consider the case when Y has right end point zero and X has positive right end point 8(00). 
By our discussion above, X should have the support [0, /3(oo)]. Again, the product has right end point 
and the behavior of X around zero becomes important. Thus, to get something interesting in this case one 
must have a conditional model which gives adequate information about the behavior of X around the left 
end point. So it becomes natural to model (—X,Y), which has already been considered in Subcase 11(b). A 
similar situation occurs when 8(00) < and 6(00) > 0. Here, again, the problem reduces to that in Subcase 
11(d) by modeling (X, — Y). We refer to Remark 15.21 for a discussion on this subcase. 

Case III: p positive and 7 negative: In this case we assume 6(00) > and also a(t) ~ l/a(t) which 
implies that p — —7. We show in Theorem 15.61 that XY has regularly varying tail of index — 1 / 1 T I - 

Case IV: p negative and 7 positive: In Theorem 15.71 we show that XY has regularly varying tail of 
index — 1/7. 

Finally we end this section by summarizing the results in a tabular form: 



Table 1 . Behavior of products 



Index of a 


Index of a 


Theorem number 


Nature 


Regular variation 


p>0 


7 > 


Theorem O 


XY 


RV -l/(7+P) 


p>0 
a~ i 

a 


7 = -p < 


Theorem 15.61 


XY 


RV_ 1/H 


p<0 


7 < P 


Theorem E2 


08(oo)6(oo) - IF)" 1 


HV_i/| p | 


p<0 
a ~ a 


7 = P 


Theorem El 


(/3(oo)6(oo) — XY)^ 1 


KV_i/| p | 


p<0 


7 < 


Theorem 15.31 


(XY)-i 


RV -i/(H+M) 


p<0 


7 < 


Theorem ES 


-(XY)-' 




p<0 


7 > 


Theorem [5771 


XY 


RVi/ 7 



4. Some transformations of CEVM according to parameters 7 and p 



In this section we reduce the basic convergence in Condition (|2A[) to an equivalent convergence in some 
appropriate subspace of K 2 to facilitate our calculations of product of two variables following conditional 
extreme value model. We now discuss the four cases considered in Section [3J 

Case I: p and 7 positive: In this case we assume Y is nonnegative. Let (X, Y) 6 CEVM(a, B; a, b; p) on 



—(7) 

[— 00, ool x E . Now by the domain of attraction condition (JXJ) and Corollary 1.2. 4 oflde H aan and Fe rreira 
(|2006l ). we have, b(t) ~ a(t)/j, as t -> 00. Also, from Theorem 3.1.12 (a),(c) of iBingham et all ( 19871 ) it 



follows that 

,. Bit) [O when ^'2=0 

lim — j-hr — < , 

f-+oo a(i) I i when ^2 7^ 0. 

Now using the above conditions and translating X and Y coordinates we get that (X, Y) satisfies Con- 
ditions (|2A|) and (|2Bj) with parameters (a, 0; a, 0; v) on D := [—00,00] x (0, 00], for some nondegenerate 
measure v which is obtained from p by translations on both axes. So in Theorem 15 . II which deals with prod- 
uct XY in Case I, we assume that (X, Y) satisfies Conditions (|2A[) and (|2B[) with parameters (a, 0; a, 0; v) 
on D = [—00, 00] x (0, 00] for some nondegenerate Radon measure v. 
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Case II: p and 7 negative: Recall that in this case E 7 = ^—00, . Since Y £ D{G 1 ) with 7 < 

, it follows from Lemma 1.2.9 of Ide Haan and Ferreiral (]2006f ) that limt^oo b(t) =; b(oo) exists and is finite 
and as t — > 00 we have, 



6(00) - b{t) 
W) 



1 

H 



Moreover 6(00) turns out to be the right end point of Y. Hence in this case, without loss of generality we 
take a(t) = |7|(6(oo) — b(t)) and it easily follows that, for y > 0, 



lim tP 



Y 



a(t) 



->y 



where Y is defined in (|3~Tj) . Now observe that (X, Y) £ CEVM (a, B; a, b; pi) on [-00, 00] x E (7) gives {X, Y) 



which satisfies Conditions (|2Aj) and (|2Bj) with parameters (a, B; l/a(t), 0; ^ 2 ) on Z?, where, 

/z 2 ([— oo,a:] x (y,oo]) = ju([-oo,x] x (r—r - -,00]). 

M y 

Now since p < 0, we get by Theorem B.22 of lde Haan and Ferreiral ( 20061 ) that lim^oo fi(t) — /3(oo) exists 
and is finite. It may happen that X has a different right end point than /3(oo), but we assume /?(oo) to be 
its right end point to avoid complications. In X coordinate we can do a similar transformation as the Y 
variable, to get 



K t (a(t)x + /3(t)) 



x - m 

a(t) 



< x 



a(t)-i 



> v 



When ip2 7^ 0, we have, as t — > 00, 



>y 7 M2([-oo,x] x (y, 00]) =: K{x). 



a(t) \p\ 

Now by convergence of types theorem, as t — > 00, we have, 

tf t (|p|G8(oo) - 0(f))x + fi(t)) ^ K{x). 



(4.1) 




|p|(/3(oo)-/3W) 



Y 



s < x, tzttt > y 
a(t) ~ a(t) 



when '02 7^ 
when -02 = 

U 2 ([-oo,-± 



and 



a(t) = — -. 
a(t) 



|i|]x(y,oo]) for ^2 7^0 



(4.2) 



(4.3) 



[/i 2 ([-oo, -i] X (j/,00]) for ^2 = 0. 

In Section [SJ we deal with Case II by breaking it up into different subcases as pointed out in Section [3] So, 
in Theorems 15 -2f45~5| we assume that (X, Y) satisfy Conditions (|2 A|) and (|2B[) with parameters (5, 0; a, 0; v) 
on [0, 00] x (0, 00], for some nondegenerate Radon measure v. 

Case III: p positive and 7 negative: Since Y £ D(G 7 ), we can do a transformation similar to 
that in Case II. So in this case (X,Y) satisfies Conditions (I2A|) and (|2B[) with parameters (a, (3; a, 0; ^3) on 
[—00,00] x (0,oo], for some nondegenerate measure /13. 

Now since p > 0, we can do a translation in the first coordinate to get (X, Y) which satisfies Condi- 
tions (|2Aj) and (|2B[) with parameters (a, 0;a, Q\v) on [—00,00] x (0,oo] for some nondegenerate measure v. 
In Theorem 15.61 we deal with product behavior in this case. 

Case IV: p negative and 7 positive: We assume that /3(oo), the right end point of X is positive. 
Now, as in Case II, we use (14.11) to get the following convergence for x > and y > 0, 



tP 



(8(00) -X) Y 

a(t) ~ a(t) y 



= tP 



x - m 

a(t) 



> -x 



/8(oo) - 8(t) Y 



,— r,oo] x (y, 00" 
|7I 



a(t) 
as i 



> y 
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So in Theorem 15. 71 which derives the product behavior in Case IV, we assume (/3(oo) — X, Y) satisfies 
Conditions (|2A|) and (|2BI) with parameters (a, 0;a, Q;v) on [0,oo] x (0, oo], for some nondegenerate Radon 
measure v. 

We thus observe that if (X, Y) e CEVM(a, (3; a, b; fj,), then in Cases I, II, III and IV respectively, (X, Y), 
(X, Y), (X, Y) and (/3(oo) — X, Y) satisfy Conditions (I2A[) and (|2B|) with some positive scaling parameters, 
zero centering parameters and a nondegenerate limiting Radon measure on D = [— oo, oo] x (0, oo]. In future 
sections, whenever we refer to Conditions (|2A|) and (|2Bj) with respect to the transformed variables alone 
without any reference to the CEVM model for the original pair (X,Y), we shall denote, by an abuse of 
notation, the limiting Radon measure for the transformed random variables as fj, as well. 



5. Behavior of the product under conditional model 

Now we study the product behavior when (X,Y) 6 CEVM(a, f3; a, b; /x). In all the cases we assume 
Conditions (|2A[) and (|2Bp on the suitably transformed versions of (X, Y), so that centering is not required. 
Case I: p and 7 positive: We begin with the case where both p and 7 are positive. 

Theorem 5.1. Let p > 0,7 > and Y be a nonnegative random variable. Assume (X, Y) satisfies Condi- 
tions (|2 A|) and (|2B|) with parameters (a, 0;a, 0;/i) on D := [—00,00] x (0, 00]. Also assume 

~\X\ 



lim lim sup t P 

<40 i-*oo 



a(t) e 



= 0. 



(5.1) 



Then, XY has regularly varying tail of index —1/(7 + p) and tP [XY/ (a(t)a(t)) G •] converges vaguely to 
some nondegenerate Radon measure on [—00,00] \ {0}. 

Proof. For e > and z > observe that the set, 

A e , z = {(x, y) e D : xy > z,y > e} 

is a relatively compact set in D and \x is a Radon measure. Note that, 



tP 



XY 



Y 



a(t)a(t) a(t) 



€A e 



< tP 



XY 
v(t)a(t) 



< tP 



> z 



XY 



Y 



G A e 



tP 



XY Y ' 

a(t)a(t) > Zl o(t) ~ C 



(5.2) 



is a ^-continuity set, the left side 



^a(t)a(t) a{t) t 

First letting t — > 00 and then e J. through a sequence such that A e _ z 
and the first term on the right side converge to p{{x, y) € D : xy > z}. The second term on the right side 
is negligible by the assumed tail condition (I5.1[) . Combining all, we have the required result when z > 0. 
By similar arguments one can show the above convergence on the sets of the form (—00, —z) with z > 0, 
also. □ 



Spectral form for product: For simplicity let us assume that X is nonnegative as well. Then the vague 
convergence in M + (D) can be thought of as vague convergence in M+([0, 00] x (0,oo]). By Theorem 15.11 we 
have, 

XY 

= p>{(x, y) £ [0, 00] x (0, 00] : xy > z}. 



lim tP 

t— > 00 



> z 



a{t)a(t) 

Since p > and 7 > 0, it is known that there exists a(t) ~ a(t) and a(t) ~ a(t) such that they are eventually 



differentiable and strictly increasing. Also 



a(tx) 
*(*) 



— > x p and 



a(tx) 



x 1 as t 



00. Recall that the (left 



continuous) inverse of nondecreasing function / is defined as 

/<"(!/)= inf{* : f(s)>y}. 

Hence, 



tP 



57^ (X) a^(Y) 

' <x, — — >y 



t 



t 



= tP 



X 



< 



a(tx) 



a(t) ~ a{t) 1 a(t) 
-^li([0,xP] x (yf, 00}) 

= f iTi\{0,x] x (y.oo]), 



y > a(ty) 



a(t) 
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where Ti(x,y) = (x 1 ^, y 1 ^ 1 ). Let S be the spectral measure for the standardized pair {a i ~(X),a < ~(Y)) 
corresponding to fiT^~ . Then, 

p{(x,y) G [0,oo] x (0,oo] : xy > z} 
=fj,Ti l {(x,y) G [0,oo] x (0,oo] : x p y 7 > z} 

l drS(duj) 



w£[0,l) Jri>+~<ui>(l— ui)~v>z 



we [0,1) Jr> 



r 2 drS(duj) 



— Z P+~f 



uj p+-i (1 — u>) p+~t S(du>). 



G[0,1) 



So finally we have, 



lim tP 

f — >-00 



XY 
a(t)a(t) 



> z 



= fi{(x, y) G [0, 00] x (0, 00] : xy > z} 

: ~ / (jjp+i (1 — u>) p+i S(duj) 
e[o,i) 



Case II: p and 7 negative: As has been already pointed out, /3(oo) need not be the right endpoint X. 
However, we shall assume it to be so. The tail behavior of XY strongly depends on the right end points of 
X and Y. There are several possibilities which may arise, but it may not always be possible to predict the 
tail behavior of XY in all the cases. We shall deal with few interesting cases. See Section [3] for a discussion 
in this regard. Regarding one of the cases left out, see Remark 15.21 Recall that, from (13.11) we have, 



1 



XY 



/3(oo)b(oo) - XY 



(5.3) 



P(oo)X + 6(oo)y - 1 

Subcase 11(a): /3(oo) and 6(00) positive: After scaling X and Y suitably, without loss of generality, 
we can assume that /3(oo) = 1 = 6(00). 

Theorem 5.2. Suppose X and Y are nonnegative and (X, Y) satisfies Conditions (|2A[) and (|2B[) with 



parameters (a, 0; a, 0; /u) on [0, 00] x (0, 00]. Assume Ei 



x 1 /\p\+ 5 



< 00 for some 5 > and either 7 < p or 



a(t)/a(t) remains bounded. Then (1 — XY) 1 has regularly varying tail of index —l/\p\ and, as t — > 00, 
tP [(1 — XY) -1 /5(f) G •] converges vaguely to some nondegenerate Radon measure on (0, 00]. 

We start with a technical lemma. 

Lemma 5.1. For < t\ < t<i < 00 and z > 0, we denote the set 

v \tut 2 ],z = {(x, y) G [0, 00] x (0, 00] : x G [ti, t 2 ], y > z}- (5.4) 

Suppose that {{Z\ t , ^2*)} is a sequence of pairs of nonnegative random variables and there exists a Radon 
measure v{-) in [0, 00] x (0, 00] such that they satisfy the following two conditions. 
Condition A: Whenever V[ tl .t 2 ],z * s a ^-continuity set, we have, as t — > 00, 

tP [(Z u ,Z 2t ) G V [tlM>z ] -> v(V [tlMtZ ). 

Condition B: For any zq G (0, 00) we have as t — > 00, 

tP[(z lt ,z 2 t) ev [0 

,00], zo] ~* fi z o) G (0,Oo). 

Then, as t 00, 

tp[{z lu z 2t ) g •] 4 !/(■) 

in M + ([0,oo] x (0,oo]) 
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Proof. Fix azo £ (0, oo) and define the following probability measures on [0,oo] x (z ,oo): 

Qt{-) = 



4 P H andQ(.) = " 



*P [(Zit,Z 2 t) & V[o,oo],zo 

From condition A it follows that 

Qt(V[t u t 2 ],z) -> Q( V [UM,z) 

as t — > oo, whenever V [u.u].z is ^-continuity set. Now following the arguments in the proof of Theorem 2.1 
of iMaulik et al. ( 2002 ). it follows that Q t converges weakly to Q on [0, oo] x (z ,oo). Since a Borel set with 
boundary having zero Q measure is equivalent to having measure zero with respect to the measure v we 
have that tP [(Z\t, Z 2t ) G B] — > v(B) for any Borel set B having boundary with zero v measure. 

Let if be a ^-continuity set as well as a relatively compact set in [0, oo] x (0, oo]. Then there exists zq > 
such that K C [0, oo] x (z ,oo]. Then K is Borel in [0,oo] x (z ,oo) and also a ^-continuity set. Hence we 
have, 

tP[(Z lu Z 2t ) G K] = tP[(Z u , Z 2t ) v{K). 
This shows that t P \{Z\t, Z 2t ) £ •] vaguely converges to v on [0, oo] x (0, oo]. □ 



From (|5.3p . the behavior of XY will be determined by the pair (XY, X + Y — 1). So we next prove a 
result about the joint convergence of product and the sum. 

Lemma 5.2. Let 7 < 0,p < and (X,Y) satisfies Conditions (|2 A|) and (|2Bp with parameters (a, 0; a, 0; 



J/E 



XVl7l+« 



< 00 /or some S > 0, f/ien + 1" — 1) oko satisfies Conditions (12 Ap and (|2B|) toztft. 



parameters (era, 0; a, 0; //T 2 1 ) on [0, 00] x (0, 00] where T 2 (x,y) = (xy,y). 

Proof. First observe that from the compactification arguments used in Lemma l5.1l and the basic convergence 
in Condition (|2A|) satisfied by the pair (X, Y), it follows that 



fP 



XY 



Y 



5(f)a(f) ' 2(f) 



»T 2 \- 



M+([0,oo] x (0,oo] 



(5.5) 



Let < t\ < t 2 < 00 and z > 0. Assume that fiT 2 {dV\ tll t 2 ],z) = 0, where V< tlit2 ] z is defined in (|5.4|) . Since 
X is nonnegative, X is greater than or equal to 1 and hence for a lower bound we get, 



liminf tP 

t—>oo 



XY X + Y-l 



a{t)a{t) ' 5(f) 



e V \ti,t 2 ],z 



> lim tP 

t— VOO 



a(f)a(f) a(t) 



= liT 2 \V [tlMU ). (5.. 



For the upper bound, choose < e < z, such that l/|a(f)| < e/2 (since a(t) G i?y_ 7 ) and /iT 2 1 (9Vft 1) t 2 ] )Z _ e ) 
0. Then, 



fP 



<tP 



XY X + Y-l 



tP 



a{t)a(t) ' 2(f) 

XY X + Y-l 
a(f )2(f ) ' 2(f) 

IF A + Y - 1 



^ V[tl,t 2 ], 



5(t)2(t) ' 2(f) 



T/ ^ £ 



<fP 



<tP 



Ay y 

G [*l,*2], =777 > z - e 
a(f)a(f) a(f) 

/ XY Y \ 

[ 5(t)2(f) ' 2(f) j G ^^l'*" 



tP 



X e 
2(f) > 2 



2 1 /l7l+<5 i . 



E 



XVl7l+5 



(2(f)e) 
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The first term converges to /iT 2 (Vj tl i2 -] )Z _ e ), while the second sum converges to zero, since a(t) e RV- 7 . 
Now letting e — > satisfying the defining conditions, we obtain the upper bound, which is same as the lower 
bound (|5.6[) . Thus we get that, 



lim tP 

t— foo 



, XY X + Y 
{ a{t)Z{ty a(t) ) G [tlMl 



= V>T 2 1 {V [tlMU ). 



Hence Condition A of Lemma 15.11 is satisfied. 

Now if we fix zq G (0, oo) and let e > satisfy the conditions as in the upper bound above, then 



tP 



XY X + Y -I 



i{t)a{t) ' a(t) 



e V[o,c 



= tP 



X + Y -l 



o(t) 



< tP 



Y 



> z 



tP 



X e 
a(fj > 2 



Hence the upper bound for the required limit in Condition B of Lemma 15.11 follows by letting e — > 0. The 
lower bound easily follows from the domain of attraction condition on Y and the fact that X > 1. So 
Condition B is also satisfied by the pair ( s{t)Z(t) » X a(t) -1 ) an( ^ nence the result follows from Lemma [5~T1 □ 

Proof of Theorem\53, Denote W' = XY, W" = X + Y - 1 and note that (1 - IF)- 1 = W'/W". So from 
previous lemma it follows that, 

W W" ' 



tP 



-> ^T 2 (•) as i -> oo. 



K a(t)a(ty a(t) y 
Let w £ (0, oo) and e > and consider the set, 

B w<e = {(x, y) € [0, oo] x (0, oo] : x > yw, y > e}. 

Then, for e > 0, we have, 



(5.7) 



tP 



W l 

W" a(t) 



> w 



tP 



W W" 



a(t)a(t) ' a(t) 



tP 



W 1 W" 

W" 5(t) >Wl W) ~ C . 



Since the set is bounded away from both the axes, the first sum converges to /iT 2 1 (B w _ e ) by the vague 
convergence of (W , W"). Now since X > we have X + Y— 1>Y — 1, and hence for large t we get, 



tP 



<tP 



(1-XY)- 1 Y-l 



S(t) 
XY > 1 



wa(t) ' 



o(t) 

y < i 



a(t)e k + 1 



< tP 



X > 



a(t)e fc + l 



1 _ 1 

tuSpJ (a(t)e fc + l) 



< C(t,w,k)E 



X'\ 



r+<5 



where, 



C(t,w,k) = 



1 



-(tct+<5) 



;.(/,) 



which goes to zero as i — >■ oo, since a(t) € RV- P and a(t)/a(t) remains bounded. 



□ 



Remark 5.1. Theorem 15.21 req uires that (l/|p| + <5)-th moment of X is finite. However, this condition is not 
necessary. In the final section we give an example where this moment condition is not satisfied but we still 
obtain the tail behavior of the product. 
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Subcase 11(b): /3(oo) = and b(oo) — 0: In this case, both X and Y are nonpositive, but the product 
XY is nonnegative. Thus, the right tail behavior of XY will be controlled by the left tail behaviors of X 
and Y, which we cannot control much using CEVM. However, CEVM gives some information about the left 
tail behavior of XY at 0, which we summarize below. 

Note that in this case, from {37TJ and flOJ}, we have X = -1/X, Y = -1/Y and a(t) = -l/(\p\/3(t)), 
a(t) = l/a(t). From Theorem l5.ll the behavior of the product XY around zero, or equivalently the behavior 
of the reciprocal of the product XY around infinity, follows immediately. 

Theorem 5.3. If p < 0, 7 < and (X,Y) satisfies Conditions (|2 A|l and (|2B|) with parameters (5, 0; a, 0; p) . 
Also suppose, 

r X 



lim lim sup t P 

<40 t-yoa 



a(t) e 



= 



Then (XY) 1 has regularly varying tail with index — l/(\j\ + \p\) and as t — > 00, tP [(XY) 1 / (a(t)a(t)) £ 
converge to some nondegenerate Radon measure on (0, 00] . 

Subcase 11(c): /3(oo) = and 6(00) = 1: Now note that from ()5.3|) we have, 



1 

XY 



XY 
Y-i 



Theorem 5.4. Suppose Y is nonnegative and (X,Y) satisfies Conditions (|2A[) and (|2Bp with parameters 



(S,0;o,0;m). IfE 



x 1 /\p\+ s 



< 00 for some S > 0, then —(XY) 1 has regularly varying tail of index —l/\p\ 
and as t — > 00, tP [-(Xy) _1 /5(f) £ •] converge vaguely to some nondegenerate measure on (0,oo]. 

Proof. Under the given hypothesis, and the fact that a(t) — ¥ 00, it can be shown by arguments similar to 



[XY /(a(t)a(t)),(Y - l)/a(t) 
x (0,oo]. 



converges vaguely to some nondegenerate Radon 



Lemma \b. 21 that. tP 
measure in M+QO, 00 

Next for z > and e > 0, so that the set B z ^ c as in ()5.7|) is a continuity set of the limit measure. Note 
that 



tP 



XY Y -I 



a(t)a(t) a(t) 



£ B z 



< tP 



< tP 



<XY)-i 
a(t) 

XY 



> z 



Y - 1 



a(t)a(t)' a(t) 



£ B z 



tP 



XY 



a(t)(Y-l) 



Y - 1 

> z, < e 



a(t) 



The term on the left side and the first term on the right side converge as t — > 00 due to the vague 
convergence mentioned at the beginning of the proof. Letting e 1 appropriately, we get the required limit. 
For the second term on the right side observe that, 



tP 



XY 



a(t)(Y-l) 



Y - 1 

> 2, < e 



a(t) 



< tP 

< tP 

< tP 

< tP 

< tE 



-(XYY 1 
a(t) 

-(XY)-' 

a(t) 
XY 



> z,Y < a(t)e + l 
>z,l-Y> 



1 



> 



1 



a(t) 
-X < 



,Y<1 



a(t)e 
1 



z 

a(t)/z 



a(t)e + 1 



= tP 



X 



a(t)e+l _ 

a(t)/z 



X > 



a(t)e+l 



t(t)/z 



1 - 



a(t)e+l 



The last expression tends to zero as a(t) — > 00 and a £ RV p . 



□ 
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Subcase 11(d): /3(oo) and 6(00) negative: As in Subcase 11(a), after suitable scaling, without loss of 
generality, we can assume that /3(oo) = 6(00) = — 1. Again, from (|5.3[) . we have 



1 



XY 



XY-1 X+Y+l 

and to get the behavior of the product around 1 we first need to derive the joint convergence of (XY, X 
Y + 1). Using an argument very similar to Theorem 15.21 we immediately obtain the following result. 

1^ 



Theorem 5.5. Let (X,Y) satisfy Conditions (|2A|) and (|2Bj) with parameters (a,0;a,0; p) andE X w 1 " < 

00 for some S > 0. If either 7 < p or a(t) /a(t) remains bounded, then (XY — 1) _1 has regularly varying tail 
of index —l/\p\ and as t -> 00, tP [(XY - 1)-V5(t) G ■ I converges vaguely to some nondegenerate Radon 
measure on (0, 00] . 

Remark 5.2. The other case when /3(oo) = 1 and 6(00) = is not easy to derive from the information about 
the conditional extreme value model. In this case the right endpoint of the product is zero and behavior of 
X around zero seems to be important. But the conditional model gives us the regular variation behavior 
around one and not around zero. 

Case III: p positive and 7 negative: In this case we shall assume that X is nonnegative and the 
upper endpoint of Y, b(oo) is positive. If 6(00) < 0, then the behavior of X around its lower endpoint will 
play a crucial role in the behavior of the product XY, which becomes negative. However, the behavior of X 
around its lower endpoint is not controlled by the conditional model and we are unable to conclude about 
the product behavior when 6(00) < 0. So we only consider the case 6(00) > 0. We also make the assumption 
that a(t) ~ a(t), which requires that p = \ 

Theorem 5.6. Let X be nonnegative and Y have upper endpoint b(oo) > 0. Assume that (X, Y) satisfies 
Conditions (|2Aj) and (|2B|) with parameters(a,0;a,0; p) with a(i) ~ 1 / a(t) = a(t) and E [x 1 /' 7 ^ 5 ] < 00 for 
some <5 > 0, then XY has regularly varying tail of index — I/I7I and as t —¥ 00, we have tP [XY /a(t) G •] 
converges vaguely to a nondegenerate Radon measure on (0, 00]. 

Proof. As a(t) ~ a(t), convergence of types allows us to change a(t) to a(t) and hence (X,Y) satisfy 
Conditions (|2A[) and (I2B[) with parameters (a, 0; a, 0; p). Using the fact that Y = (6(00) — Y)^ 1 , we have 



XY = X 



b(co)Y - 1 
Y 



Using arguments similar to Proposition 4 of He ffernan and Resnick ( 2007 ). it can be shown that as t — > 00, 

' X fe(oo)?\ 



tP 



Y a(t) J 

in M_|_([0, 00] x (0,oo]), where T^(x,y) = (x/y, b(oo)y). Since a(t) —¥ 00, we further have, as t — > 00, 

'X 6(00)? -l\ 



tP 



Y 



a(t) 



Now applying the map T2(x,y) = (xy,y) to the abo ve vague convergenc e and using compactification argu- 
ments similar to that in the proof of Theorem 2.1 of iMaulik et al. ( 2002 ). we have, 



tP 

Recalling the facts that XY - 
coordinate, we have, 



/ Xb(oo)Y-l b(oo)Y -1 

[j W) ' W) 

X(b(oo)Y - l)/Y and a(t) 



tP 



XY Y 
^(i) 1 S(t) 



\pT^\-). 
— > 00 and reversing the arguments in the second 

pT-^f- 1 ^), (5.8) 
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where T 3 (x,y) = [x, 



b{oo 
tP 



If e > and z > we have following series of inequalities, 



XY Y 
a(t) ^(t) ~ 



= tP 
= tP 

< tP 

E 

< t- 



XY 1 

5(t) > z ' 6(oo) -y 



< o(*)e 
1 



Ay 

a(t) ' - K ' a(t)e 



X 

W) 



> z b(oo) 



1 



A^ 



+5 



(a(t)z] 



since a £ i?Vi 



l7h 



Now observe that 
tP 



if y 

a(t) a(f) 





XY 




< tP 


At) . 


< tP 



XY 



b(oo) 



Y 



a(t)e 
1 

a(t)e 



0, 



. > z, —— > e 
a(t) a(t) 



tP 



XY Y 
a(t) a(t) ~ 



The last term on the right side is negligible by the previous argument and the left side and the first term on 
the right side converge due to the vague convergence in (|5.8[) . The result then follows by letting e — > 0. □ 



Case IV: p negative and 7 positive: In this case we shall assume that Y is nonnegative, /3(oo) > 
and /3(oo) is the upper endpoint of X. Arguing as in Case III, we neglect the possibility that /3(oo) < 0. 
Thus we further assume < X < /3(oo). Since X becomes bounded, the product of XY inherits its behavior 
from the tail behavior of Y. 

Theorem 5.7. Assume that both X and Y are nonnegative random variables with /3(oo) being the upper 
endpoint of X . Let (/3(oo) — X,Y) satisfies Conditions (|2A[) and (|2B[) with parameters (a, 0; a, 0; /i) on 
[0,oo] x (0,oo], for some nondegenerate Radon measure fi. Then XY has regularly varying tail of index 
— 1/7 and for all z > 0, we have 

'XY 1 _i , N _ 

z -ip{oo)->, as t — » 00. 



tP 



o(t) 



> 2! 



Proof. First we prove the upper bound which, in fact, does not use the conditional model. Fix e > and 
observe that 



tP 



XY 



> z 



= tP 
< tP 



XY 

y 

a(i) ' /3(oo) 
2; 



> z, e < A < /3(oo) 

y 
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> z, A < e 



> 



o(t) > e 



0(00) 



as i 



The second term goes to zero as e | 0. 

To prove the lower bound we use the basic convergence in Condition (I2A[) for the pair (/?(oo) — X,Y). 
Before we sh o w the lower bound, first observe that by arguments similar to the proof of Theorem 2.1 of 



Maulik et all (120021 ) we have, 

tP 



(0{oo)-X)Y Y 



fj,T 2 as t — > 00 



(5.9) 



a(t)a(t) ' a(t), 

in M+([0,oo] x (0,oo]), where recall that T2(x,y) = (xy,y). Now to show the lower bound, first fix a large 
M > and e > such that a(t) < e for large t (recall that a £ RV- P and a(t) — > in this case). Note that 

XY 



tP 



a(t) 



> z 



= tP 
> tP 



(X-P(oo))Y /3(oo)y ^ 

a{t) H — — > z 



a(t)a(t) 
G8(oo) - X)Y 



a(t)a(t) 



< M. 



a{t) 
/3(oo)Y 



> z + Ma{t) 
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> tP 



(/3(oo)-X)Y ,, p(oc)Y 
yHy ' ' < M, v > z + Me 



a{t)a(t) 



a(t) 



^T" 1 [0,M] 



z + Me 

using (|5.9|l . First letting e — >■ and then letting M — >• oo, so that 



we get that 



/LtT 2 _1 (<9 ([0, M] x (z/£(oo),oo])) =0, 



liminf iP[— - > z] > uirVfO.oo) x (zASfoo), col) = z~~/3(oo)~. 
t->oo a(t) 



□ 



6. Some remarks on the tail condition (15~T 



We have already noted that the compactification arguments in Section [5] require some conditions on the 
tails of associated random variables. Except in Theorem 15.11 they have been replaced by some moment 
conditions, using Markov inequality. The tail condition (|5.1|) in Theorem 15.11 can also be replaced by the 
following moment condition: 

If for some S > 0, we have E[|Jf l 1 /^ 5 ] < oo, then ((53J holds, as a G RV p . 

In general, if {X, Y) follows CEVM model, it need not be true that X G D(G P ). However, if X € D(G p ) 
with scaling and centering functions a(t) and /3(f) and X > 0, then the moment condition (|5.ip . In fact, 



lim sup t P 

t^oo 



X Z 
—FT > ~ 

a(t) e 



tP 



tP 



is a constant multiple of (z/e)~ 1 / p , which goes to zero as e — >• 0. 

The tail condition (|5.ip continues to hold in certain other cases as well. Suppose that X > and 
X G D(G\) with scaling and centering A(t) and B(t) and A < p. In this case, a € -RVp and A € i£V\. Thus, 
a(t)/A(t) — > oo. Hence, for any e > 0, we have 

X za(t)~ 
_A(tj > eA(t)_ 

is of order of [a{t) / A{t))~ x / X , which goes to zero and (15. ip holds. However, it would be interesting to see 
the effect of A and B as scaling and centering in CEVM model. Since, a is of an order higher than A, the 
limit, as expected, becomes degenerate. 

Proposition 6.1. Let the pair (X, Y) € CEVM(a, (3; a, b; fi) with p > and 7 > 0. Assume X € D{G\) 
with p > X and centering and scaling as A(t) and B(t). If 



X z 

— r-r > - 

ait) e 



lim tP 



X - B(t) Y - b(t) 

< x, — — > y 



A(t) ~ ' o(t) 

exists for all continuity points {x,y) G K x E*- 7 - 1 , then, for any fixed y G E^, as x varies in R, the limit 
measure assigns same values to the sets of the form [— 00, x] x (y, 00]. 

Proof. Observe that 

B(t) - p{t) A(t) 



a {ty 



a(t) 



a(t) 



B(t)\ B(t) , 1, 

A(t) ) a(t) v A ; 



Therefore we have, 

"Jf--B(i) 



lim tP 

t— too 



Ait) 



< x 



a(t) 



> V 



lim tP 



X-f3(t) < A(t) x 



B(t)-P(t) Y-b(t) 



a{t) 



a(t) 



a(t) 



a(t) 



> V 



/i([-oo, — ] x (y,oo]), 
P 



which is independent of x. 



□ 
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We would also like to consider the remaining case, namely, when X > and X £ D(G\) with scaling A 
and A > p. Clearly, we have a(t)/A(t) — > 0. Thus, for any e > 0, we have 



t P 



X z 

— T-r > - 

a(t) e 



= tP 



X 



> 



«(*) 



A(t) eA(t). 

Hence (|5.1[) cannot hold and Theorem 15.11 is of no use. The next result show that in this case we have 
multivariate extreme value model with the limiting measure being concentrated on the axes, which gives 
asymptotic independence. 

Theorem 6.1. Let (X,Y) £ CEVM(a, 0; a, 0; /i) on the cone [0, oo] x (0, oo] and X £ D(G\) with A > p 
and scaling A(t) £ RV-\. Also assume that X £ D(G\) with A > p and A(t)/a(t) — > oo. Then 

X Y 



tP 



(6.1) 



^A(i)' a{t) j 

converges vaguely to a nondegenerate Radon measure on [0, oo] 2 \ {(0, 0)} 7 which is concentrated on the axes. 
Proof. We first show the vague convergence on [0, oo] 2 \ {(0, 0)}. Let x > 0, y > 0. Then, 



tP 



tp 



X 



> X 



tP 



Y 



> y 



-tp 



x Y 
A(t) >X '^{tj >y 



The first two terms converge due to the domain of attraction conditions on X and Y. For the last term, by 
the CEVM conditions and the fact that A(t)/a(t) — > oo, we have 



t P 



X Y 

Mt) >Xl W) >V . 



tp 



x 



> x 



A(t) Y 



> y 



-> o. 



(6.2) 



This establishes (|6.ip . However, using x 
on (0, oo] 2 . 



a{t) ' ~a(t) ' a(t) 

, we find that the limit measure does not put any mass 

□ 



Remark 6.1. Since, we have asymptotic independ ence, several different behaviors for the product are possible, 
as it has been illustrated in lMaulik et al.l (|2002T) . 

While we have established asymptotic independence on the larger cone [0, oo] 2 \ {0} in Theorem 16.11 
CEVM gives another nondegenerate li mit /i on the smaller cone [ 0, oo] x (0, oo]. Thus, (X, Y) exhibits 
hidden regular variation, as described in iMaulik and Resnick esnickl (|2002| ). 

7. Example 



We now consider the moment condition in Theorem l5.2l We show that the condition is not necessary by 
providing an example, where the condition fails, but we explicitly calculate the tail behavior of XY . 

Let X and Z be two independent random variables, where X follows Beta distribution with parameters 
1 and a and Z is supported on [0,1] and is in D(G_i/t,), f° r some a > and b > 0. Thus, we have 
P[X > x] = (1 — x) a and P[Z >!—-] = x~ b L(x) for some slowly varying function L. Let G denote 
the distribution function of the random variable Y = X A Z. Then G(x) = (1 — x) a+b L( and hence 
Y £ £>(G_i/( a+ b)). Clearly, for X = 1/(1 — X), we have E[X a+b ] = oo and the moment condition in 



Theorem 15.21 fails for p = — I /(a 
We further define 



b). 



a{t) 



1 



l-(V G) (*)' 

Since, Y £ D(G-u( a +b)), we have from Corollary 1.2.4 of Ide Haan and Ferreiral < 20061 ) . 

\a+b 

- t. 



a(t)° 



Then, for x > y > 0, we have, 

X Y 



tP 



a{t) a(t) 



=tP 



L(a(t)) 



a(t)(X - 1) < -~,a(t)(Y - 1) > -- 
x y 



(7.1) 
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=tP 



1--^<X<1 J--,Z>1- ' 



a(t) a + b 



ya(t) xa(t) 
[y- a - x- a ]y- b L(ya(t)) 



ya(t) 



a(t) a + b 1 J Ly Jy 

where we use (|7.ip in the last step. Thus, (X, Y) satisfies Conditions (|2A[) and (|2B[) with p = 7 = — l/{a+b). 

Finally, we directly calculate the asymptotic tail behavior of the product. For simplicity of the notations, 
for y > 0, let us denote c(i) = 1 — l/(a(t)y). Since a € RVu( a +ty, as i — > 00, we have c(t) —> 1. Also, 
a(t) = 1/((1 - c(t)) tf ). Then, 



XY > 1 - 



1 



a(i)j/ 



■ i 



Z > 



c(t) 



(1 - s) Q -Us 



0--c(t))v 



z> c - 

s 



(1 - sY'^ds 



/c(t) 

1 



.(l-c(*))» 
substituting s — 1 — z{\ — c(t)) 

=o(l - c(<)) a+,, 5 



rf.s 



/c(t) 



1 



-o(l - c(t)) a+ V 



(l-c(t))y 
1 



(1 - zfz 



-LI 



c(t) 



(l-(l-c(t)»»- 

1/2 

(1 - z)^ - 1 ^, 



(l-c(t))(l-z) 



where, in the last step, we use Dominated Convergence Theorem and the facts that c(t) — > 1 and 



L I 



it) 



L 



c(t) 



(i- c (t))(i-z); va -<*))(!-•*)/ 

uniformly on bounded intervals of z. Finally, using (|7.1j) . definition of c(i), to get, 

1/2 



tP 



a(t) 



> v 



a ■ y 



(0+6) 



(1 - z) V-^z. 
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